Deformation modeling of cardiac muscle is an important issue in the field of cardiac analysis. Many approaches have been developed to better estimate the cardiac muscle deformation, and to obtain a practical model to be used in diagnostic procedures. But there are some conditions, like in case of myocardial infarction, in which the regular modeling approaches are not useful. In this article, using a point-wise approach, we try to estimate the deformation under some abnormal conditions of cardiac muscle. First, the endocardial and epicardial contour points are ordered with respect to the center of gravity of the endocardial contour and displacement vectors of boundary points are extracted. Then to solve the governing equations of the deformation, which is an elliptic equation, we apply boundary conditions in accordance with the computed displacement vectors and then the Finite Element method (FEM) will be used to solve the governing equations. Using the obtained displacement field of the cardiac muscle, strain map is extracted to show the mechanical behavior of the cardiac muscle. Several tests are conducted using phantom and real cardiac data in order to show the validity of the proposed method.
Introduction
The development of a consistent deformation estimation model for both accurate estimation of cardiac deformations and taking into account the organ's regional abnormalities make this issue an interesting field in biomedical engineering. On the other hand, due to the diagnostic importance of such analysis and the inherent restrictions of medical instruments in data acquisition, new approaches are proposed to facilitate the interpretation of the acquired data. Low contrast and noisy cardiac images provided by medical imaging systems are examples of the restrictions in biomedical devices. To overcome the above limitations, medical data analysis methods use a priori knowledge about organ's behavior. These model-based approaches can achieve more accurate and robust results. In the model based analysis, using natural properties of the organ, the performance of algorithms are improved.
There are some other limitations in such analysis which in case of cardiac modeling will become important. In one hand the importance of such analysis because of its association with human health and on the other hand the difficulties of modeling, caused by a wide range of cardiac diseases and also the device limitations, play a critical role in these types of researches. Also there are several syndromes caused by coronary heart disease which each has different interpretation and effect on cardiac features. Among them, Myocardial Infarction (MI) can cause serious problems in deformation based cardiac modeling approaches. In one hand, existence of infarction in cardiac muscle may cause some abnormalities in cardiac deformation's expressing equations. On the other hand, these areas should be recognized and located to facilitate the procedure of cardiac deformation modeling. In this manner, in recent years, some approaches have been introduced to extend the previous models to overcome such problems.
In 1993, Huang et al, using an adaptive mesh size, analyzed cardiac deformation [1] . McInerney and Trezopolos used a dynamic balloon model to extract the endocardium surface [2] . In the model, the balloon deforms until it is laid properly on the endocardium surface. Faber also used a deformable template for 3D demonstration of heart's left ventricle [3] . Also in the same year, snake model is used for 2D segmentation of cardiac muscle [4] . In [5] a deformable template is used for deformation analysis of cardiac muscle in 2D images and in [6] , Amini et al used snake models for tracking cardiac wall. Active mesh model is used in the work of Rukert et. al. for examination of cardiac deformation [7] . In 1998, using Tagged MRI images and snake model, 2D deformation of cardiac muscle is analyzed [8] . Also in the same year, snake models are used for analysis of the cardiac muscle [9] and for dynamic demonstration of cardiac muscle in one cardiac cycle. Shi et al, proposed Delaunay active mesh for point to point tracking of heart's left ventricle [10] .
In neither of the above, cardiac abnormality is considered. In this case, the model based approaches were unable to detect and localize infarct zone in cardiac muscles. There are some other methods in abnormal cardiac analysis and infarct localization which some of them will be mentioned. In 2001, using Elastography, local ranges of cardiac strain was computed and was used to distinguish between normal and inefficient cardiac muscle [11] . In [12] , the Post Systolic Stretching (PSS) criterion of the cardiac muscle was used for this purpose. In [13] , a new in-vivo statistical model for estimation of material properties and strain/stress distribution in cardiac muscle for both right and left ventricles is proposed. The results of applying the method on normal and RVH cardiac muscle, demonstrate a good performance in modeling of inefficient cardiac muscle. In 2004, using CT imaging system, the attenuation rate of infarct region and normal regions were compared and based on this, the size of the infarct zone was computed [14] . In the same year, by determining end-systolic volume, end-diastolic volume, stroke volume and etc, operational differences between normal and abnormal cardiac muscle were derived [15] .
In [16] , a semi-automatic computer interface is used for infarct localization and based on a threshold signal density, the infarct zone divided to core-infarct zone and neighbor-infarct zone. In [17] , an analysis based on the cardiac strain model derived from tissue Doppler imaging of normal and abnormal cardiac muscles is done. In the same year, a 4-dimensional model is used for mice cardiac muscle contraction operation in ultrasonic images and the model was applied to both normal and infarct zone cardiac muscles [18] . In [19] using a normalized parametric domain, normal and abnormal cardiac muscle were modeled. In our work [20] , an appropriate model is proposed for analysis of infarct zone cardiac muscles. Here, the proposed model in [20] is extended to determine the strain ranges of the cardiac muscle in normal and abnormal conditions. Moreover, localization of the infarct zone in cardiac muscle is done using a well-known criterion in mechanical analysis.
The article is organized as follows. In Section 2 dynamic modeling of the cardiac muscle will be investigated and the governing equations, the boundary conditions and the Finite Element model will be introduced. Section 3 contains the results of applying the proposed model on phantom data and comparing the results with ANSYS results. Modeling and analysis of the real cardiac data and the analysis of the left ventricle's volumetric changes in case of infarction is presented in Section 4. Section 5 concludes the paper.
Dynamic Modeling of the Cardiac Muscle

Elastic Model
Assume {σ} is the stress array and {ε} is the strain array. Also assume that [E] is the structural matrix consisting of elastic coefficients in the model. For a linear elastic condition, stress-strain equation can be represented in matrix form as:
where {σ 0 } is the array of initial stress which will be considered here as 0. For 2D case, matrix [E] is a 3 × 3 matrix. This matrix is symmetric E ij = E ji . For an isotropic material and in plane strain condition, the matrix can be written in the following form [21] :
where ν is the Poisson ratio and E is the Young's modulus. Considering u and v as displacements in x and y directions respectively, the strain-displacement equation can be expressed as [22] :
where {u} is the displacement vector.
In general, when an object deforms, if there is no breakdown, for satisfying the consistency condition, it is necessary that the displacements are continuous and single-valued functions of the object's position. On the other hand, every deforming object needs to satisfy the equilibrium equation. The equilibrium equation is [22] :
where {F} is a vector consisting of F x and F y elements, which are body forces in x and y directions respectively and {0} is a vector with elements equal to 0. Another constraint for deformation is the boundary conditions which are the displacement or strain on the face or surface of the deforming object.
Displacement Computation on the Boundary
For modeling of the behavior of the deforming object, it is necessary that the displacement filed is determined through the object. For this, assume that X(0) is the initial coordinates of a point in the object in t = 0 and X(t 0 ) is the coordinates of the same point in t = t 0 . With this assumption, the displacement vector between these two time steps can be defined as:
The problem is that defining a one-to-one correspondence between points of an object is a difficult task. In the problem at hand, dynamic modeling of cardiac muscle, the main goal is to determine the inter-wall displacement field between two time steps. Then using this field, the strain map will be computed. So it is necessary to define a one-to-one correspondence between body points in two different times.
Suppose that I(0) and O(0) are matrices containing inner and outer contour points of the cardiac muscle in t = 0 respectively and I(t 0 ) and O(t 0 ) are matrices containing inner and outer contour points in t = t 0 . Also assume that [x c , y c ] T represents the coordinates of the center of gravity of inner contour in t = 0. With these assumptions the coordinates of all contour points, inner and outer, can be represented with respect to the center point. In other words, for simplicity, the position of the center of gravity can be assumed fixed and the contour points' positions are represented with respect to the center point as the center of coordinate system. It should be mentioned that this assumption is only valid for deforming objects with small strain which is the case of analysis in cardiac modeling. Also the cardiac muscle deformation is a radial deformation and this assumption is not valid for non-radial deformations. This assumption can lead to increased error in the deformation analysis of non-convex objects.
Based on the above mentioned notes, the displacement vectors can be computed in the following order:
1. The center of gravity of the inner contour points is computed and assumed fixed from time t = 0 to time t = t 0 .
2. In accordance with the center, contour points can be ordered based on the angle of the crossing line between the point and the center and horizontal axis. Fig. 1 shows the procedure.
3. After ordering all the contour points, the displacement vectors for corresponding points between two time steps (the points with the same angle) can be computed. 
Governing Equation of the Deformation
Dirichlet and Neumann boundary conditions for scalar u can be defined as:
where − → n is the outward normal vector, orthogonal to the boundary. g, q, h and r are functions with complex values on the boundary ∂Ω. For a 2D system, the Dirichlet boundary condition is:
The Neumann boundary condition can be achieved in the same manner. Now it is the time to determine the boundary conditions for solving the governing equations. Fig. 2 displays two adjacent contour points, i and j, with their corresponding points after the displacement. The displacement vectors for these two points are:
Here we only consider the displacements in x and y directions, so h 12 = h 21 = 0. Therefore for boundary conditions of the boundary line consisting i and j contour points: Boundary conditions for other boundary lines consisting of any two adjacent contour points will be computed in the same manner. After determining the boundary conditions, and producing triangular meshes, the problem is ready to be solved by Finite Element Method (FEM). In FEM first the domain is divided into simple geometrical shapes, like triangles, and then based on the assumption that the solution in the domain of each division, or element, has a simple form, the whole domain's solution is computed. Polynomial approximation functions are useful choices for approximation of the solution in each element. The evaluation of these functions is simple they produce good approximates on small elements. It should be mentioned that in FEM one of the basic assumptions is that the solution in the domain is continuous. So it is necessary to have identical results on the shared sides of elements.
Suppose that u h is a continuous piece-wise linear approximation of u in the elliptic equation. The goal is finding the best approximation for u from polynomial functions class. So the function u h is compared with all of polynomial functions, V . So we have:
Therefore, based on the Green's theorem:
The boundary conditions are included in this equation. In general, every continuous piece-wise linear function can be written in the form:
where Φ i 's are some continuous piece-wise linear basis functions and U i 's are scalar coefficients. Φ i 's are defined is such a way that they have value 1 in node i and value 0 on other nodes. For every function V , formulation of the finite element problems leads to an algebraic equation based on U i 's. With the definition of V = Φ j for j = 1, 2, .., , N where N is the number of nodes defined in the domain, a system of equations in the form KU = F can be achieved in which K and F consist of integral values related to Φ i and Φ j functions and problems coefficients and U is the matrix of unknown scalar values in the defined nodes. For further explanation of the method, please refer to [22] .
Strain Computation in Triangular Elements
Suppose that we have a triangular element with coordinates [x 1 , y 1 ] T , [x 2 , y 2 ] T and [x 3 , y 3 ] T as its nodes. Transforming point 1 to center of coordinates system in a manner that the line between points 1 and 2 lies on the positive side of x axis, we have these transformed coordinates:
With the assumption of basis functions as linear, two components of deformation can be written as:
considering the strain-stress equation, ε x = a 2 , ε y = a 6 and γ xy = a 3 + a 5 . Therefore defining
, v 3 ] T as displacement vectors of points 1, 2 and 3 respectively, three components of strain can be defined as:
where ε x , ε y and γ xy are triangular element's strain in x and y directions and shear strain respectively.
3 Modeling of an Inhomogeneous Ring under Internal Radial Pressure
ANSYS Based Modeling
At first it is necessary to verify the proposed model. For this, the results of the model should be compared with the results of a valid experiment. To achieve a valid reference result for comparison, ANSYS, well-known software in mechanical analysis, is used for basic modeling of the problem. For modeling the left ventricles wall, many different models can be introduced. Here we try to model the heart muscle with infarctions, which limits our model. On the other hand determining the actual values of the parameters of heart muscle is a different task. Therefore finding a proper model for verification of the proposed model can be challenging; especially if we want to compute the stress map of the heart muscle. Here we only consider finding the strain map of heart muscle. In case of plane strain, the problem at hand can be simplified as follows. Assume that we have an inhomogeneous ring cylinder with a known height. Since the foundation of our research is based on the assumption of plain strain/stress, there is no strain/stress along the z direction and therefore the cylinder's height doesn't have any effect on the solution. The assumption of an inhomogeneous ring cylinder is because of the changes occurred in the mechanical properties of heart muscle after introducing infarction. After defining the elastic properties of the ring cylinder, the structure is ready for the next step which is loading. In this step the load is applied in a uniform and radial manner inside the ring, to mimic the process of loading the heart muscle. The internal pressure applied to the ring is time varying. Fig.3 represent the results of ANSYS analysis of the ring for displacement in x, y and the absolute values of displacements respectively.
Modeling With the Proposed Model
After the analysis with ANSYS, the proposed model should be implemented and the results should be compared and verified with the results of ANSYS analysis. For this, first the inner and our contours of the ring cylinder is determined. Then, after determining the boundary conditions, the governing equation of deformation is solved using FEM and the deformation maps are created. All the code is implemented in MATLAB. Fig. 4 represent the results of the proposed method for both horizontal, vertical and absolute displacement. To better be able to compare the results, the ring is divided into 16 sub-regions and the results of ANSYS and MATLAB implementations are compared. Fig. 5 shows the average displacement in each region for 10 iterations of pressure increment for both ANSYS and proposed method. Based on the provided results, it can be seen that the proposed model is consistent with the results of ANSYS, even in regions with low mobility (regions 11, 12, 13 and 14). 
Database
In this research the database provided by the authors of [23] is used. This database contains the MRI images of 33 patients which consists of 7980 two dimensional MRI images from different slices of the heart muscle. Each cardiac cycle is divided into 20 steps. These images are acquired from patients with different types of problems like Cardiomyopathy, Aortic regurgitation, Ischemia and Enlarged ventricles. All of patients were under 18 and the distance between slices is between 6 to 13 millimeters. Each image's size is 256 × 256 and the inner and outer contour of the heart is indicated by hand by the author of [23] . Based on the additional information attached to the database it is known that Patient 23 suffers from Myocardial Infarction (MI). Also patients 18 and 25 have normal heart muscle which can be useful in understanding the effects of MI. Here the data from these three patients are used to achieve the results. Fig. 6 displays the cardiac cycle of the patient 23 for the first slice. The inner and outer contours of the left ventricle are determined in the images.
Analysis of Volumetric Changes in Left Ventricle
Analysis of volumetric changes of left ventricle in cardiac cycle can be helpful in understanding the process of heart muscle's deformation. Also, it helps us study the effects of infarction on the heart's performance. For this analysis, the data provided for inner contours of left ventricle is used to approximate the volume. In order to better understand the process and reduce the errors caused by the differences in the sizes of left ventricle of patients, the computed volumes are normalized with respect to the initial volume in the beginning of systole. Fig. 7 displays the normalized graphs of volumetric changes for the three aforementioned patients.
The first difference that is noticeable comparing these graphs is between frames 0 to 3. In this region the healthy subjects, 18 and 25, show a small decrease followed by a two frame rest. There is a delay in patient 23 due to inactive regions in the heart muscle. On the other hand in patient 23 the minimum volume is 42% of the maximum volume which for healthy subjects this minimum volume is about 30% (31.66% for patient 25 and 28.86% for patient 18) . This is also due to the existence of infraction and the effect of loading and wasting energy caused by them.
The other main difference is that in the unhealthy subject the diastole starts sooner. To be specific, in 18 and 25 there is a rest region between frames 9-12 and 8-12 respectively. For 23 this region is limited between frames 7-8. It can be inferred that this effect is caused by the residual stress and inertial effects of inactive regions. Although the analysis of volumetric changes can help to distinguish between the healthy and unhealthy heart muscle, it doesn't provide any information about the location of MI.
Dynamic Modeling Using Cardiac Images
In this step MRI images of healthy and unhealthy subjects will be used. From the discussion in previous section it is obvious that performance and deformation of healthy cardiac muscles in subjects 18 and 25 are quite identical. Therefore for comparison it is enough to only consider one of them. It should be mentioned that the more the data for healthy and MI subjects, the better the results.
Inner and outer contours in MRI images are determined with hand by [23] . Each contour consists of 32 points. The goal here is to find the one-to-one correspondence between contour points between frames. The resolution of the data points is increased by interpolation. Another thing to consider here is that the deformation of heart muscle is not only a concentric radial deformation, but also it contains rotation. On average, during systole, the cardiac muscle has a 7 degree clockwise rotation which needs to be considered in finding one-to-one correspondence and displacement vectors' computation. The contour points are then down-sampled to reduce the computational complexity. Fig. 8 displays the displacement vectors of one slice of MRI data for subjects 23 (b) and 18 (a) during systole. The existence of MI has a visible effect on the deformation of cardiac muscle.
Using the displacement vectors, the boundary conditions of the FEM model can be defined. After applying the boundary conditions and then meshing the domain with a fine triangular mesh, FEM is used to solve the governing equation of deformation. The result of FEM is the displacement values in x and y directions in the deforming body's domain. Fig.9 shows the results of FEM for two slices of subjects 25 and 23 during systole for horizontal and vertical displacements.
Strain elements can be computed using the displacement values . However strain elements only In case of cardiac muscle analysis it is better if changes in strain is treated in a local basis. On the other hand analyzing 3 strain elements simultaneously can be confusing. Therefore it is better if a unique parameter is defined for analysis. Although there are several different parameters that can be defined, based on the literature in continuum mechanics, here the effective strain is used which is defined in general 3D case as [21] :
which in 2D case can be simplified because γ xz = γ zy = ε z = 0. Using this parameter we are able to monitor the changes in strain maps of heart muscle during deformation. Computing effective strain values for different slices of cardiac muscle, these values are used for comparison between healthy and MI subjects. Fig. 10 represent the results for first slice of healthy subjects, 18 and 25, and MI subject 23 during the cardiac cycle. 
Conclusion
Comparing the results of FEM analysis for both healthy and unhealthy subjects reveals the effects of infarction in cardiac muscles. Based on the domain and size of infarction, these effects can represent themselves differently. In this research a consistent model for FEM analysis of cardiac muscle in case of myocardial infarction is proposed. The method is based on defining the displacement vectors for every contour point during cardiac cycle and then solving the governing equation of deformation with FEM. For a more complete analysis of the results, a database with more patients is needed. Here only the results for 2 healthy and one MI subjects are compared. But even based on this simple comparison, the process of MI and its effects on cardiac performance can be observed very well. Fig. 11 shows the approximate infarct localization for the MI subject based on the comparison between normal and MI subjects' effective strain during the cardiac cycle. Since the circulatory system of heart is determined very well, it is possible to make reliable conclusions about the problem that caused MI based on expert diagnosis and using these comparisons.
